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Electrostatic interaction in dusty plasma
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Two modifications of the standard description of electrostatic interaction in a dusty plasma are emphasized.
First, the Coulomb-type potential profile is not applicable at very short distances around a dust grain, due to the
polarization of the charge on the grain, i.e., the image charge effect, and, second, at larger distances, the
standard Debye-Hu¨ckel potential screening is modified due to nonlinear corrections in the expanded Boltz-
mann distribution for plasma particles.
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In the standard description of electrostatic interaction
dusty plasmas it is assumed that the potential around a
grain, at distances less than the Debye lengthr d , can be
approximated by the Coulomb potential, i.e., proportiona
1/r . However, dust grains behave as isolated conductive~or
semiconductive! objects, implying that the charge on grain
is generally polarized in the presence of some external fi
which can be caused by some approaching charged par
or by some externally applied constant electric field. W
shall emphasize the effects of a charged particle.

From the well known electrodynamics theory@1# it is
known that in the simple case of an isolated conduct
spherical object with the chargeQ, placed at a distancer
from a point chargeq, the force acting on the point chargeq
is given by

F5
1

4p«0
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r 2
1Fic , Fic52

1
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r 3

2r 22a2

~r 22a2!2
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~1!

Here a denotes the radius of the spherical object, and
subscriptic denotes the force due to the image charge eff
For r @a the image charge term in the above expression
negligible, as it behaves as;1/r 5. However, the effect of the
image charge becomes dominant forr→a. This will result in
significantly modified~i.e., larger! impact parameters, and
therefore, with larger effective cross sections for the cap
ing of particles as well. Note that the interaction due to
image charge is always attractive, regardless of the sign
Q andq. It is worth noting that the image charge force exis
and it is always attractive, even foruncharged, i.e., neutral
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dust grains. This fact should be emphasized, especiall
applications to astrophysical environments.

A detailed study of cross sections in astrophysical du
plasma in the presence of image charge effects has b
performed@2# as far back as in 1987, but it seems that t
study has not caught the attention of the plasma phy
community, and, to the best of our knowledge, has not b
ever used in any study dealing with the description of co
sional processes in dusty plasmas. The numerical calc
tions for collisional cross sections from Ref.@2# show drastic
changes when the image charge force is taken into acco
compared to the classical Coulomb-type interaction. The
culations have been done for the conducting and very sm
grains. It is, however, applicable to the case of dielec
materials as well. For dielectrics there appears a constan
proportionality only@2# of the form (e21)/(e12), wheree
is the dielectric constant of the material.

As the collisional cross sections are significantly modifi
it is easy to see that this effect must be taken into accoun
any study that involves collisions, such as the charge fl
tuations and shadow force effects; for equal sign of char
the standard Coulomb interaction is repulsive, while the i
age charge effect yields an attractive force acting at sh
i.e., collisional distances. The mechanism of the shad
force @3# can be understood from the mechanical point
view. If we have a single dust grain being under bomba
ment by ions, in principle, there will be no resulting motio
of the grain as the bombardment is spherically symmet
However, when another grain is at some distancer from the
first grain, then there will be a solid angle, proportional
a2/r 2, defining the shadow of the grain by another on
through which the particles will not bombard the grain, r
sulting in a net momentum transfer, i.e., the ‘‘attraction’’
the grains. The force of attraction is proportional to the so
angle. As a result we would observe the growth and agglo
eration of the grains. This seems to be plausible scenario
the neutrals-grains collisions. However, for the collisions b
tween charged plasma particles and charged grains, or
tween charged plasma particles andneutral grains, due to the
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image charge effects, the forces involved in the process,
consequently, the resulting growth should be completely
ferent. Existing theories predict two types of forces, one
pulsive and one attractive, both proportional to 1/r 2. How-
ever, as it follows from Eq.~1!, we have a drastic change o
r dependence in the presence of the image charge force

Further, at larger distances in the standard theory i
assumed that the potential is the Debye-Hu¨ckel’s one, i.e.,
represented by the function of the form

wDH5
1

4p«0

Q

r
expS 2

r

r d
D . ~2!

The potential~2! is obtained by solving the Poisson equatio
with the help of the Boltzmann distribution for lighter pa
ticles. While it works perfectly for standard plasma, in t
case of a dusty plasma this potential profile cannot be cor
due to the reasons that will be explained.

In a standard procedure one of the assumptions used i
Boltzmann distribution for particles of the typea ~with the
chargeqa) in the external potentialw(r ) ~produced by the
chargeQ),

na~r !5n0expS 2
qaw

kTa
D . ~3!

Heren0 is some mean value. Strictly speaking, as is kno
from statistical theory, the Boltzmann formula~3! is appli-
cable to an ideal gas that is in the state of exact thermo
namical equilibrium, implying that all plasma componen
have the same temperature.

The second assumption commonly used in the afore
solution of the Poisson equation is the assumption that
exponent in Eq.~3! is small everywhere, i.e., the behavior
the plasma particles is close to an ideal gas~except perhaps
at a distance very close to the grain, which is then neglect!,
so that

exp~2y!'12y, y5
qaw

kTa
, ~4!

i.e., it is assumed that the electrostatic energy of the parti
a is much less than their average thermal energy.

In standard plasmas this is generally valid, but, owing
the large number of electron charge on the grain, for
dusty plasma the expansion~4! should include the higher
order terms, at least to the second order,

exp~2y!'12y1
1

2
y2, y5

qaw

kTa
. ~5!

Now, applying the standard procedure, we can derive
equation describing potential. We start by the Poisson eq
tion in the form

¹2w52
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assuming the same temperatures for all plasma compon
and using Eq.~5!, for the spherical geometry when

¹2w[
1

r

d2

dr2
~rw!.

In a few steps we obtain the following equation:

d2j

dr2
2j1

1

2r
j250. ~7!

Here (aqana'0 is used, as well as the definition of th
Debye radius for multicomponent plasma

1

r d
2

5(
a

1

r da
2

5(
a

qa
2na

«0kT
, ~8!

and we have introduced the following notation and norm
ization:

j[r
qaw

kT
, r[

r

r d
,

d2

dr2
[r d

2 d2

dr2
. ~9!

For static dust grains the summation in Eq.~8! includes the
electrons and ions only. In order to make some numer
estimates we take some typical laboratory values for plas
parameters@4#; let r d'531025 m, T523103 K, and Q
5eZ, whereZ533103. Furthermore,e51.6310219 C, k
51.38310223 J/K, «058.85310212 F/m. Then, at the dis-
tance from the grain equal 5r d , the Boltzmann exponent in
Eq. ~5! becomes y'3.5Z31025. Indeed, for ordinary
plasma,Z;1, the exponenty is small, however, for typical
dusty plasma experiments@4#, Z;33103 it becomesy
'0.1. This confirms that indeed the higher terms in the
pansion~5! should be kept in derivations. That issue h
been discussed in Ref.@5# for short distances around th
grain.

Note that the last term in Eq.~7! is due to the second
order term in the expansion~5!. Neglecting it, one immedi-
ately obtains the normally used expression for the scree
potential in the form

w~r !5
c

r
expS 2

r

r d
D . ~10!

The constant of integrationc is determined from the condi
tion that at small distances, i.e., in the limitr→0 the
screened potential coincides with the Coulomb potent
yielding therefore Eq.~2!. However, in view of what is said
above, such an approach is not valid. Namely, in solving
~7! one should bear in mind that, atr→0, the solution
should coincide with the attractive image charge poten
@see Eq.~1!#, not with the Coulomb potential. Thus, the com
plete picture of the potential profile is drastically changed

The nonlinear Eq.~7! is nontrivial to solve in general. A
proper numerical procedure should include boundary con
tions of the typej→0 for r→` ~due to the Debye shield
1-2
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ing!, andj→2` for r→0 ~due to the image charge effect!.
An approximate solution can be obtained by the followi
procedure. We may assume a solution that is the sum of
Debye-Hückel-type potential~10!, and a perturbation due t
the above explained physical reasons, i.e., of the formj
5jDH1j1. Putting this into Eq.~7!, we obtain the following
equation:

d2j1

dr2
2j11

1

2r
~jDH

2 12jDHj11j1
2!50. ~11!

Hence, we can neglect the terms comprisingj1 in the last
term of Eq.~11!, and search for an approximate solution
the form

j15C1exp~r !1C2exp~2r !. ~12!

Now we apply the Lagrange method of variation of para
eters, which straightforwardly yields the following set of tw
equations for the parametersC1,2:

C18exp~r !1C28exp~2r !50, ~13!

C18exp~r !2C28exp~2r !52
c2

2r
exp~22r !. ~14!

Here the prime denotes the derivative in respect withr, andc
is the constant introduced in Eq.~10!. In a few steps one can
write the solution forj1 as

j1~r !52
c2

4
Ei~23r !exp~r !1

c2

4
Ei~2r !exp~2r !,

~15!

where Ei(2r ) is the exponential integral@6#

Ei~2r !52
1

r
exp~2r !F12

1

r
1

2!

r 2
2

3!

r 3
1•••1

~21!nn!

r n G
2~21!n~n11!! È r exp~2r 1!

r 1
n12

dr1'2
1

r
exp~2r !

3S 12
1

r
1

2!

r 2
2

3!

r 3 D .

Ei(2r ) is singular forr→0. However, this is not problem
atic as we search for solutions at some distances from
grain. Note, at the grain the solution is determined by E
~1!. Consequently, we can write the new~approximate! solu-
tion for the screened potentialw(r ), normalized in accor-
dance with Eq.~9!, as

w~r !5
c

r
exp~2r !2

c2

4

exp~r !

r
Ei~23r !

1
c2

4

exp~2r !

r
Ei~2r !. ~16!
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The sketch of the complete potential@i.e., the sum of the
potential near the grain, which follows from Eq.~1!, and the
solution ~16!#, for the interaction between particles ofthe
same sign, is presented in Fig. 1. We see from Fig. 1 that t
potential is attractive inr→0 limit, and changes the sign a
some criticalr and becomes maximum before decaying.

To conclude, we have explained the physical reasons w
in the case of highly charged dust grains the proper desc
tion of the potential, at distances that are not too close to
grain, cannot be given by the standard Debye-Hu¨ckel poten-
tial. Instead, it is more properly described by the nonline
Eq. ~7!, which is solved approximately yielding the solutio
presented by Eq.~16!. On the other hand, near the grain th
potential is determined by the image charge effect; a fact
has been known from the literature for quite a time, but h
not been ever used by researchers. The purpose of
present study is to emphasize these two effects, which sh
be, consequently, applied in every model describing co
sional processes in dusty plasma, i.e., in the prope
founded theory of the electrostatic interaction in dusty pl
mas. Recently, an improvement of the orbital-motion-limit
~OML! theory, which is normally used in the description
dusty plasmas, has been done in Ref.@5#, where the trapped
ion effect on the shielding has been reexamined. We beli
that the effects emphasized in the present study~i.e., the
modification of the electrostatic interaction near and far fro
the grain!, which have not been taken into account in R
@5#, should further improve the OML theory, and give a mo
detailed description of processes in dusty plasmas.

The importance of these effects is emphasized in the
troduction, but it is seen also from the following. Space a
laboratory plasmas can contain grains of the opposite~posi-
tive and negative! charges, quite often at the same time,
laboratory dusty plasma@7#, cometary dusty plasma@8#, noc-
tilucent clouds and the dust in the Earth’s middle atmosph
@9#, and in space and astrophysical dusty plasmas in gen
@10#. This peculiar behavior of a dusty plasma is due to s
eral competing processes that are, in principle, present in
system~e.g., attachment of plasma particles due to inela
collisions, secondary electron emission, dust interaction w
photons!. At the same time, the amount of charge on diffe
ent particles can be different. Finally, the image charge fo

FIG. 1. The profile of the total potential in a dusty plasm
which includes the nonlinear correction to the Boltzmann distrib
tion for large values ofr /r d @Eq. ~16!#, and the image charge effec
at r→0. Herey5ew/kT.
1-3
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is active even for uncharged conductive or semiconduc
grains. Consequently, the importance of the image cha
effect and the nonlinear corrections in the Boltzmann dis
bution is not uniform for every pair of interacting charge
t.

s

-

03740
e
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bodies ~grain plus a plasma particle!. The contribution of
these effects will depend on the amount of the charge on
given grain, as well as on the signs of charges on the g
and the given plasma particle.
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